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Exercise 7

A spring has a mass of 1 kg and its spring constant is £k = 100. The spring is released at a point
0.1 m above its equilibrium position. Graph the position function for the following values of the
damping constant c¢: 10, 15, 20, 25, 30. What type of damping occurs in each case?

Solution

The equation of motion for a mass attached to a spring and a dashpot is

dx i d*x
—c— —kr=m—.
dt dt?
Bring all terms to the left side.
d*z dx
This is a linear homogeneous ODE, so its solutions are of the form z = €.
d d?
z=¢e" - d—f =ret %;: = r2emt
Plug these formulas into equation (1).
m(r2e) + c(re™) + k(e™) =0
Divide both sides by €.
mr®4cr+k=0 (2)

Overdamping occurs when ¢ — 4mk > 0, that is, when ¢ = 25 and ¢ = 30. In this case, the
solution to equation (2) is

—c++/c? —4Amk

2m
{—c—\/c2—4mk —c—l—\/c2—4mk}
r= )
2m ’ om

Two solutions to the ODE are

—c— 2 —4dmk —c+ Ve —4dmk
exp t and exp o t].

2m

By the principle of superposition, then, the general solution to equation (1) is

e 2 — e 2 =
x(t):wap( ¢ ;m 4mkt>+6‘2exp< ctve 4mkt>,

2m

where C] and (5 are arbitrary constants. Differentiate it with respect to ¢t to get the velocity.

dx fcf\/0274mke p(cx/czllmk:t)
X

dt =G 2m 2m

+Co

2 2m

—c+ V2 —4Amk exp (—c—i— vz — 4mkt>
X
m
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Apply the initial conditions, z(0) = 0.1 and z’(0) = 0, to determine C; and Cs.

$(0) =C1+Cy=0.1

d e~ VE—dmk . —c+VE—Imk
)= 0 YT | 0, TOENE I
dt 2m 2m

Solving this system of equations yields

1 c 1 c
Cr=—(1-—°% ) and Cy=—(1+4-—5 ),
"7 20 < 2 — 4mk> 2720 < V2 — 4mk>

meaning the displacement from equilibrium in overdamping is

x(t) =

% —4m 2m

1 c —c—/c? —4Amk
c

20 2m

1 — 2_ 4
L1 <1+c> exp c+ Ve mk:t .
c? — Amk

Plug in m = 1 kg and & = 100 N/m and graph x(t) versus ¢ for c =25 N -s/m and ¢ = 30 N - s/m.

X

Overdampin
0.10 ping
¢ =30
0.08} c=125
0.06}
0.04
0.02}
/
1 2 3 4 5

Critical damping occurs when ¢ — 4mk = 0, that is, when ¢ = 20. In this case, the solution to
equation (2) is

Two solutions to the ODE are
c c
exp (——t) and texp (——t) .
2m 2m
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By the principle of superposition, then, the general solution to equation (1) is
() =C ( Ct>+Ct ( Ct)
x(t) = Csexp | —— exp | ——
3 €Xp om 4l €Xp om
c
=e ——t) Cs + Cyt),
Xp ( o (C3 + Cyt)
where C3 and C4 are arbitrary constants. Differentiate it with respect to t.

% = —% exp (—%t) (Cs + Cyt) + exp <_ﬁt> (Cy)

Apply the initial conditions, £(0) = 0.1 and 2/(0) = 0, to determine C5 and Cy.

HT(O) = Cg =0.1
dx c
E(O) —*%C3+C4—0

Solving this system of equations yields

1 c
Cg_ﬁ and C4—m,

meaning the displacement from equilibrium in critical damping is

c 1 c
2(t) = exp <—%t> (10 + 20mt) .

Plug in m = 1 kg and graph z(t) versus ¢ for ¢ =20 N - s/m.

X

0.10

Critical Damping

0.08
0.06
0.04

0.02;
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Underdamping occurs when ¢? — 4mk < 0, that is, when ¢ = 10 and ¢ = 15. In this case, the
solution to equation (2) is

—c+ivAmk — c?

2m
{—c—z’\/4mk‘—02 —c+i\/4mk—02}
r= )
2m ’ 2m

Two solutions to the ODE are

<—c—i\/4mk—02 ) (—c+i\/4mk—02 )
exp t and exp t].

2m 2m

By the principle of superposition, then, the general solution to equation (1) is

—c — ivV4Amk — c? ) (—c+i\/4mk—62 >
t] + Cgexp t

2m 2m

z(t) = Csexp <

_ 2 —
— C5e*ct/(2m) exp <—Z\/mt> + C6e*Ct/(2m) exp (_ \/mt>

2m ’ 2m

78

dmk — 2 4mk — c2 Amk — c2 Amk — c2
= Cgect/2m) (cos Tt — isin ‘/Tt) 1 Cge—ct/2m) ((:Os \/Tt—l—isin Tt)

— efct/(Qm)

(Cs + Cg) cos (—iC5 4 iCs) sin

Vamk — 02t+ vVamk — cQt]
2m

m

t + Cgsin

_ et/Cm) [ (1 cos Y dmk — 2 . VAmk — cQt
B ! 2m 2m ’

where C7 and Cy are arbitrary constants. Differentiate it with respect to ¢t to get the velocity.

dx c _ VAmk — c2 VAmk — c?
— e et/@m) [ O cos o t

= t 4 Crsin ——~ %
dt 2m +Cssin 2m

2m 2m 2m

VAmk — c? VAmk — c2 dmk — c2 dmk — c?
4 ect/(2m) <—C7 Mm%~ ¢ sin WQL ¢ t-l—Cg\/ ME~ ¢ cos Viamk — ¢ t)
m

Apply the initial conditions, (0) = 0.1 and 2/(0) = 0, to determine C7 and Cs.

.’IJ(O) = C7 =0.1
dx c VAmk — c?
a0 =g Tt Ty =0

Solving this system of equations yields

1 c
Cr=— and Cg=———,
"7 10 ® T 1ovAmk — &2
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meaning the displacement from equilibrium in underdamping is

z(t) = e—ct/(2m) ( L

10

COS

c . VAmk — c?

VAmk — c? ;

2m

+ Sin
10vV4mk — 2 2m

t>.

Plug in m = 1 kg and k& = 100 N/m and graph z(t) versus ¢ for c =10 N-s/m and ¢ =15 N - s/m.

* Underdamping
0.10
c=10
0.08 c=15
0.06 |
0.04
0.02 |
o~
\7f 1 2 3 4 5
~0.021
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